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Abstract 

£h . 

| We are concerned with positive solutions decaying to zero at infinity for the logistic 

equation —Aw = A (V(x)u — f{u)) in WL N , where V(x) is a variable potential that may 
| change sign, A is a real parameter, and / is an absorbtion term such that the mapping 

f(t)/t is increasing in (0, oo). We prove that there exists a bifurcation non-negative 
number A such that the above problem has exactly one solution if A > A, but no such 
a solution exists provided A < A. 
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1 Introduction and the main results 



In this paper we are concerned with the existence, uniqueness or the non-existence of 
■ positive solutions of the eigenvalue logistic problem with absorbtion 

-t— > 

-Au = \(V(x)u- f(u)) inR N , N > 3, (1) 

where V is a smooth sign-changing potential and / : [0, oo) — > [0, oo) is a smooth function. 
^ . Equations of this type arise in the study of population dynamics. In this case, the unknown 

u corresponds to the density of a population, the potential V describes the birth rate of 
the population, while the term —f(u) in Q signifies the fact that the population is self- 
limiting. In the region where V is positive (resp., negative) the population has positive 
(resp., negative) birth rate. Since u describes a population density, we are interested in 
investigating only positive solutions of problem (|T|). 

Our results are related to a certain linear eigenvalue problem. We recall in what follows 
the results that we need in the sequel. Let Q be an arbitrary open set in W N , N > 3. 
Consider the eigenvalue problem 

—Au = XV(x)u in O , , . 

Problems of this type have a long history. If O, is bounded and V = 1, problem © 
is related to the Riesz-Fredholm theory of self-adjoint and compact operators (see, e.g., 
Theorem VI. 11 in [3]). The case of a non-constant potential V has been first considered 
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in the pioneering papers of Bocher Hess and Kato Minakshisundaran and Pleijel 
[TH] and Pleijel jTH]. For instance, Minakshisundaran and Pleijel jTB], ^Hl studied the case 
where Q is bounded, V G L°°(p,), V > in f2 and V > in Q C O with |O | > 0. An 
important contribution in the study of P)l if Q is not necessarily bounded has been given by 
Szulkin and Willem [20] under the assumption that the sign-changing potential V satisfies 



V G Ll c (fl), V+ = V 1 + V 2 ^ 0, Vi G L N /\n), 

(H) ^ lim |x — y\ 2 V2(x) = for every y G f2, lim |x| 2 V2(x) = 0. 

Isl— >oo 

xen x&n 

We have denoted V + (x) = max{F(x),0}. Obviously, V = V + — V~ , where V~(x) = 
max{— V(x), 0}. 

In order to find the principal eigenvalue of (J2J), Szulkin and Willem |20| proved that the 
minimization problem 

min <^ / \vu\ 2 dx: u g mm, / V( x)u dx = 1 



[ \Vu\ 2 dx; u G H%(Q), [ V( 
Jn Jn 



has a solution ip\ = ipi(Q) > which is an eigenfunction of ^ corresponding to the 
eigenvalue Ai(fi) = Jq \Vip\\ 2 dx. 

Throughout this paper the sign-changing potential V : M. N — > R is assumed to be a 
Holder function that satisfies 

(V) V G L°°(R N ), V + = V 1 + V 2 ^ 0, Vi G L N / 2 (R N ), lim \x\ 2 V 2 (x) = 0. 

x-|^oo 

We suppose that the nonlinear absorbtion term / : [0, oo) — > [0, oo) is a C 1 -function 
such that 

(/l) /(0) = /'(0) = and lim inf > 0; 

u\0 U 

(/2) the mapping f(u)/u is increasing in (0, +oo). 

This assumption implies lim u ^ +00 f(u) = +oo. We impose that / does not have a sublinear 
growth at infinity. More precisely, we assume 

(/3) lim > \\VUo. . 

Our framework includes the following cases: (i) f(u) = u 2 that corresponds to the 
Fisher equation |5] and the Kolmogoroff-Petrovsky-Piscounoff equation ^1] (see also |13| 
for a comprehensive treatment of these equations); (ii) f(u) = u^ N+2 ^^ N ~ 2 ^ (for N > 6) 
which is related to the conform scalar curvature equation, cf. |15j . 

For any R > 0, denote Br = {x G 1^; \x\ < R} and set 

\i(R) = mini f \Vu\ 2 dx; u G H%(B R ), [ V(x)u 2 dx = ll . (3) 
Ub r Jb r J 

Consequently, the mapping R i — ► Ai (R) is decreasing and so, there exists 

A := lim Ai(i?) > 0. 

R— >oo 

We first state a sufficient condition so that A is positive. For this aim we impose the 
additional assumptions 

there exists A,a>0 such that V + {x) < A\x\~ 2 ~ a , for all x G M> N (4) 



2 



and 

\3m\x\ 2 V f - 1 V N V 2 (x) = 0. (5) 

Theorem 1.1. Assume that V satisfies conditions (V), and 
Then A > 0. 

Our main result asserts that A plays a crucial role for the nonlinear eigenvalue logistic 
problem 

-An = A (V(x)u — /(it)) inl^, 

u > in , ( 6 ) 

lim u(x) = . 
|a>|— »oo 

The following existence and non-existence result shows that A serves as a bifurcation 
point in our problem 

Theorem 1.2. Assume i/iaf V and f satisfy the assumptions (V), 0), (/I); (/2) and 
(/3). 

Then the following hold: 

(i) problem Jj^) /ias a unique solution for any A > A; 

(ii) problem 0) does noi /lawe any solution for all A < A. 

The additional condition (J2J) implies that y + G L N / 2 (M. N ), which does not follow from 
the basic hypothesis (V). As we shall see in the next section, this growth assumption is 
essential in order to establish the existence of positive solutions of (0) decaying to zero at 
infinity. 

In particular, Theorem 11.21 shows that if V{x) < for sufficiently large |x| (that is, if 
the population has negative birth rate) then any positive solution (that is, the population 
density) of £Q) tends to zero as \x\ — > oo. 

We also refer to the recent papers [11121011312111011131131121121] for further results 
related to problems of this type. 

2 Proof of Theorem 11.11 

For any R > 0, fix arbitrarily u e ff^) such tfiat / V(„)A, = 1. We have 

Jb r 

1= V(x)u 2 dx< j V + {x)u 2 dx= j V 1 (x)u 2 dx+ / V 2 (x)u 2 dx. 

JBr JBr JBr JBr 

Since V\ G L N / 2 (M N ), using the Cauchy-Schwarz inequality and Sobolev embeddings we 
obtain 

Vi{x)u 2 dx < \\Vi\\ l n/2 {Br) \\u\\ 2 l2 , {Br) < Ci || Vi || z _iv/2 (M jv ) / \Vu\ 2 dx, (7) 

Br J Br 

where 2* = 2JV/(iV - 2). 

Fix e > 0. By our assumption (V), there exists positive numbers 5, R± and R such that 
R^ 1 < 8 < R\ < R such that for all x G Br satisfying \x\ > R\ we have 

\x\ 2 V 2 (x)<e. (8) 
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On the other hand, by (V), for any x E Br with \x\ < 5 we have 

\ X \2(N-1)/Ny 2{x) < e _ 

Define := u>i U w 2 , where wi := -Br \ B Rl , u> 2 '■= B$ \ B 1 / R , and uj := Br l \ B$. 
By (JHJ) and Hardy's inequality we find 

! V 2 (x)u 2 dx < e f ^dx < C 2 e f \Vu\ 2 dx. 

J U>\ J U)\ Fl JBr 

Using now @ and Holder's inequality we obtain 



(9) 



(10) 



/ V 2 (x)u 2 dx < e / 

J Mo. J UJ 9 



e 



< Ce 



| x [2(jV-l)/iV 
1 



dx 



ylX \2(N-l)/N 
5 



N/2 

dx } dx 

\ 2 /N 



2/N 



U 



L 2 * (Br) 



< C 3 [8-- 



\ 2/N , 

J Je 



l/R S 

1\ 2/N 



(11) 



Br 



\Vu\ 2 dx 



\Vu\ z dx. 



By compactness and our assumption (V), there exists a finite covering of u by the closed 
balls B ri (xi), B rk {xk) such that, for all 1 < j < k 

if \x — Xj\ < Tj then \x — Xj 

\2{N-l)/Ny 2{x) < e (12) 

There exists r > such that, for any 1 < j < k 

if \x- Xj \<r then \x - x j \ 2{N - 1 ^ N V 2 (x) < 1. 

Define A := Uj =1 B r (xj). The above estimate, Holder's inequality and Sobolev embeddings 
yield 



/ v 2 ( 



x)u 2 dx < — 



u 



dx 



< 



B r (Xj) 



X — X 



|-2(jV-l)/iV 



N/2 



dx 



2/N 



C- 



B r F 



1 



-N-\ 



S N 1 LU]yds 



\Vu\ 2 dx 

B R 
2/N 



\Vufdx 



Br 



= C / \Vu\ 2 dx, 
Jb r 

for any j = 1, . . . , k. By addition we find 

[ V 2 (x)u 2 dx <C 4 [ \Vu\ 2 dx. 

J A J Br, 



(13) 
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It follows from (|T2|) that V<i G L°°(uj \ A). Actually, if x G u \ A it follows that there exists 
j G {1, k} such that > \x — Xj\ > r > 0. Thus, 

F 2 (x)<r- 2 ( 7V - 1 )/ W e . 

Hence 

[ V 2 (x)u 2 dx < er -^ N - l ^ N [ u 2 dx <C 5 [ \Vu\ 2 dx. (14) 

Ju)\A Ju)\A JB R 

Now from inequalities 0, (UUJ), dJ), 1121) and (JT3J) we have 

Ai(J2) > {CxUFi ll^/a^) + C 2 e + C 3 - i?- 1 ) 2 ^ + C A + C^' 1 
and passing to the limit as R — > oo we conclude that 

A > (Ci||yi|| LJV/2(MJV) + C 2 e + C 3 5 2 / N + C 4 + C 5 ) _1 > 0. 
This completes the proof of Theorem ll.il □ 

3 An auxiliary result 

We show in this section that the logistic equation (Q) has entire positive solutions if A is 
sufficiently large. However, we are not able to establish that this solution decays to zero at 
infinity. This will be proved in the next section by means of the additional assumption Q . 
More precisely, we have 

Proposition 3.1. Assume that the functions V and f satisfy conditions (V), (fl), (/2) 
and (/3). Then the problem 



-An = A (V(x)u - f(u)) in™ N 
u > in 



N ' (15) 



has at least one solution, for any A > A. 

Proof. For any R > 0, consider the boundary value problem 

—Au = A (V(x)u — f(u)) mB R , 

u>0 inB R , (16) 
u = on 8Br . 

We first prove that problem (J16|) has at least one solution, for any A > Xi(R). Indeed, 
the function u{x) = M is a supersolution of (|16|) . for any M large enough. This follows 
from (/3) and the boundedness of V. Next, in order to find a positive subsolution, let us 
consider the problem 

min / (|Vu| 2 — XV(x)u 2 ) dx . 

u£H^(B r )Jb r 

Since A > Ai(i2), it follows that the least eigenvalue [i\ is negative. Moreover, the corre- 
sponding eigenfunction e\ satisfies 

— Aei — W{x)e\ = in Br , 

ei >0 in B R , (17) 
e% = on 8Br . 
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Then the function u(x) = ee\(x) is a subsolution of the problem Indeed, it is enough 
to check that 

-A(eei) - XeVd + Xf{eex) < in B R , 



that is, by (fT7|). 
But 



EMiei + A/(£ei) < in B fl . (18) 



f{ee\) = e/'(0)ei + eeio(l), as e — » 0. 
So, since /'(0) = 0, relation (|T8|) becomes 

eei (/xi + o(l)) <0 

which is true, provided e > is small enough, due to the fact that fi\ < 0. 

Fix A > A and an arbitrary sequence R\ < R2 < ■ ■ ■ < R n < ■ ■ ■ of positive numbers 
such that R n — > 00 and Ai(i?i) < A. Let u n be the solution of (|16|) on Bn n . Fix a positive 
number M such that f{M)/M > H^Hloo^jv-). The above arguments show that we can 
assume u n < M in -Bj? n , for any n > 1. Since is a supersolution of ifTBl) for i? = i? n , 
we can also assume that u n < u n+ \ in Br u . Thus the function u(x) := linin^oo u n (x) exists 
and is well-defined and positive in R . Standard elliptic regularity arguments imply that 
u is a solution of problem (|15j) . □ 

The above result shows the importance of the assumption © in the statement of Theo- 
rem Indeed, assuming that V satisfies only the hypothesis (V), it is not clear whether 
or not the solution constructed in the proof of Proposition 13.11 tends to as \x\ — > 00. 
However, it is easy to observe that if A > A and V satisfies @ then problem @ has at 
least one solution. Indeed, we first observe that 

*•)-{ r^./i 6 * (i9 » 

is a subsolution of problem ©, for some fixed R > 0, where e± satisfies p7|). Next, we 
observe that u(x) = n/(l + |x| 2 ) is a supersolution of ©. Indeed, u satisfies 

. . , 2[n(l + \x\ 2 ) -4\x\ 2 } . , 
(1 + \x\ z \ z 

It follows that H is a supersolution of (jEJ) provided 

This inequality follows from (/3) and ®, provided that n is large enough. 



4 Proof of Theorem 11.21 

We split the proof of our main result into several steps. We will assume the conditions (V), 
Q, (/1-/3) are satisfied by V, f throughout this section. 

Proposition 4.1. Let u be an arbitrary solution of problem ffi). Then there exists C > 
such that \u(x)\ < C\x\ 2 - N for all x G R N . 
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Proof. Let lun be the surface area of the unit sphere in R N . Consider the function V + u as 
a Newtonian potential and define 



(N - 2)u N J m \x - y\N-2 

A straightforward computation shows that 

-Av = V + {x)u in R N . (20) 

But, by ® and since u is bounded, 

V + (y)u(y) < C\y\- 2 ~ a , for all y G R N . 

So, by Lemma 2.3 in Li and Ni |15j . 

v{x) < C\x\~ a , for all x G R N , 

provided that a < N — 2. Set w(x) = Cv(x) — u(x). Hence w(x) -> as \x\ —> oo. Let us 
choose C sufficiently large so that u>(0) > 0. We claim that this implies 

w(x) > 0, for all x G R N . (21) 

Indeed, if not, let xq G R n be a local minimum point of w. This means that w(xq) < 0, 
Vw(x ) = and Aw(x ) > 0. But 

Aw(x ) = -CV + (x )u(x ) + A (V(x )u(x ) - f(u(x ))) < 0, 

provided that C > A. This contradiction implies (f2*Tj) . Consequently, 

u(x) < Cu(a?) < C\x\~ a , for any x G R N . 

So, using again 

V + (x)u(x) < C\x\- 2 - 2a , for all x G R N . 

Lemma 2.3 in |15| yields the improved estimate 

v{x) < C\x\~ 2a , for all x G R N , 

provided that 2a < N — 2, and so on. Let n a be the largest integer such that n a a < N — 2. 
Repeating n a + 1 times the above argument based on Lemma 2.3 (i) and (iii) in ^S] we 
obtain 

u{x) < Clxl 2 ^, for all x G R N . 

□ 

Proposition 4.2. Let u be a solution of problem (0). Then V + u, V~u, f(u) G L 1 (]R Af ) ; 
and u G H 1 ' 
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Proof. For any R > consider the average function 



u(R) = . f _-, f u(x)da = / u(rx)da, 

UnR" 1 JdB R U N J dBl 



where ujn denotes the surface area of S N 1 . Then 
du , . . 1 f d 



u'(R) = —[ ■^(rx)do- = - f -7^(x)da = hw^r ( Au(x)dx. 

JdB 1 du u N R N 1 J 9Br du uj n R n 1 J Br 



Hence 

uj n R n - 1 u'(R) = -XI {V{x)u- f(u))dx 



'f R r (22) 

-A / V + {x)udx + \ / [V~(x)u + f(u))dx. 



B f 



By Proposition 14.11 there exists C > such that \u(r)\ < Cr N + 2 ^ for any r > 0. So, 
by Q. 

/ V + (x)udx <CA [ \x\- N - a dx < C, 

Jl<\x\<r Jl<\x\<r 

where C does not depend on r. This implies V + u G L 1 (R 7V ). 

By contradiction, assume that V~-u + /(u) L 1 (R 7V ). So, by ((22|), U'(r) > if r is 
sufficiently large. It follows that u(r) does not converge to as r — > oo, which contradicts 
Proposition EJ So, V~u + f(u) G L 1 (R N ). Next, in order to establish that u G L 2 ^), 
we observe that our assumption (/l) implies the existence of some positive numbers a and 
5 such that f'(t) > at, for any < t < 5. This implies fit) > at 2 /2, for any < t < 5. 
Since u decays to at infinity, it follows that the set {x G M. N ; u(x) > 5} is compact. Hence 



J u 2 dx = [ u 2 dx + J u 2 dx < f u 2 dx -\ — J f(u)dx < +oo, 
JR N J[u>S] J[u<S] J[u>5] a J[u<S] 

since /(iijei'fl"). 

It remains to prove that Vu G L 2 (R N ) N . We first observe that after multiplication by 
u in ijTjl and integration we find 

f \Vu\ 2 dx — f u(x) — (x)da = X f (V(x)u — f(u)) dx, 

JB r JdB R (JV J Br 

for any r > 0. Since Vu — f(u) G L 1 (M Ar ), it follows that the left hand-side has a finite 
limit as r — > oo. Arguing by contradiction and assuming that Vu G" L 2 (R N ) N , it follows 
that there exists i?o > such that 



[ u(x)^(x)da > \ [ \Vu 

JdB R OV 1 J Br 



dx, for any R > Rq. (23) 



Define the functions 



A(R) = [ u(x)^(x)da, B{R) = [ u 2 {x)da, C{R) = I |Vu( 
JdB R ov J 9Br J Br 



x)\ 2 dx. 
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Relation (|2H|) can be rewritten as 



A(R) > - C(R), for any R > R . 



On the other hand, by the Cauchy-Schwarz inequality, 



A 2 {R) <( [ u 2 da 
\JdB R 

Using now (|24|) we obtain 

C 2 (R) 



8Bt 



du 



Oi 



da < B(R)C'{R). 



C'{R) > 



AB(R) ' 



Hence 



d 


4 


r dt ' 


dr 


[C(r) H 


Jo B(t)\ 



for any R> Rq. 



< 0, for any R > R . 



r=R 



But, since u £ L 2 (R N ), it follows that B(t)dt converges, so 



lim 



R 



dt 



+00. 



R^<xJ B(t) 

On the other hand, our assumption |Vii| L 2 (JH N ) implies 

1 



lim 



0. 



R-^oo C(R) 

Relations (|25|). (|2^|) and (|2Tj) yield a contradiction, so our proof is complete. 
Proposition 4.3. Let u and v be two distinct solutions of problem Then 



lim 



dv 

u(x) — (x)da = 0. 
av 



Proof. By multiplication with v in ((HJ) and integration on Br we find 



V-u • Vvdx 



dv 

u—da = X I (V(x)uv — f{u)v ) dx. 



dB R 



dv 



Br 



(24) 



(25) 

(26) 

(27) 
□ 



So, by Proposition 14.21 there exists and is finite lirnR_ >00 f dB u^da. But, by the Cauchy- 
Schwarz inequality, 



dv 
u—da 

8B R du 



I / u 2 da 
'dB R 



roo 

10 \JdB R 



1/2 



|Vi;| 2 <icr 



dB R 



1/2 



(28) 



Since u, \Vv\ € L 2 (R N ), it follows that J[ 

lim / (u 2 + \Vv\ 2 )da = 
R -^°° JdB R 

Our conclusion now follows by (|2"8|) and (|29j). 



■u 2 + |Vv| 2 )d(T ) is convergent. Hence 



(29) 
□ 
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Proof of Theorem 11.21 (i) The existence of a solution follows with the arguments 
given in the preceding section. In order to establish the uniqueness, let u and v be two 
solutions of flfi]). We can assume without loss of generality that u < v. This follows from the 
fact that u = min{u, v} is a supersolution of © and u defined in ()19|) is an arbitrary small 
subsolution. So, it sufficient to consider the ordered pair consisting of the corresponding 
solution and v. 

Since u and v are solutions we have, by Green's formula, 

u— v-— | da = X f uv ( — — - — — - ) dx. 



8B R \ du dv I JB 



R 



By Proposition 14. 3( the left hand-side converges to as R — > oo. So, (/l) and our assump- 
tion u < v force u = v in Mr. 

(ii) By contradiction, let A < A be such that problem © has a solution for this A. So 

f \Vu\ 2 dx — ( u^da = A f (V(x)u 2 — f(u)u) dx. 
Jb r JdB R OV J Br 

By Propositions 14.21 and 14.31 and letting R — > oo we find 



\Vu\ 2 dx < X V{x)u 2 dx. (30) 
Jr n 

On the other hand, using the definition of A and © we obtain 

A f VQ 2 dx < [ \V(\ 2 dx, (31) 



for any ( G C${R N ) such that J RN V( 2 dx > 0. 

Fix C G C$(R N ) such that < ( < 1, C(^) = 1 if M < 1, and ((x) = if \x\ > 2. 
For any n > 1 define ^ n {x) = ( n (x)u(x), where Cn(x) = C(M/ n )- Thus *& n (x) — > it(x) 
as n — > oo, for any x E R . Since u G ff 1 (M Ar ), it follows by Corolarry IX. 13 in jlj that 
u e L 2N /( N ~ 2 \R N ). So, the Lebesgue dominated convergence theorem yields 

* n ^u in L 2N /( N ~ 2 \R N ). 

We claim that 

W n -» Vu in L 2 (R N ) N . (32) 
Indeed, let O n := {x G M N ; n < \x\ < 2n}. Applying Holder's inequality we find 

||W n - Vn|| Z 2 (R jv) < ||(Cn - l)Vu|| L2{R iv ) + ||uVCn||L2 (Cn) < 

||(Cn - l)V-u|| L 2 (R iV) + \\u\\ L 2N/(N-2)( nn ) ■ ||VCn||LJV(RJV)- 



But, since |Vu| G L (K ), it follows by Lebesgue's dominated convergence theorem that 

lim ||(Cn-l)Vu|| La(RW) =0. (34) 

Next, we observe that 

l|VCi||zN(RAr) = ||VC|| L iV( K iV). (35) 

Since u G 

L 2N/(N-2) { ^N ) then 

lim \\u\\ L 2N/(N-2) {n } = 0. (36) 
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Relations (j3*H|) - (j3li|) imply our claim (|32|) . 

Since V^u 2 € L 1 (M Ar ) and V^^^ < V^u 2 , it follows by Lebesgue's dominated conver- 
gence theorem that 



lim / V ± ^ldx= I V ± u 2 dx. 

n— too 



Consequently 

lim / V^ldx= I Vu 2 dx. (37) 



n— >oo 



So, by ()30|) and (|37j) . it follows that there exists uq>1 such that 



V^^dx > 0, for any n > uq. 

This means that we can write (jSH for C replaced by € C^l^). Using then §^ and 
(|H7j) we find 

/ \Vu\ 2 dx > A / y U 2 dx. (38) 
Jr n Jm n 

Relations (|3*U|) and l|3"5|) yield a contradiction, so problem © has no solution if A < A. □ 
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